Abstract: The relative coefficients of higher derivative interactions of the IIB effective action of the form C 4 , (DF 5 ) 4 , F 8 5 , . . . (where C is the Weyl tensor and F 5 is the five-form field strength) are motivated by supersymmetry arguments. It is shown that the classical supergravity solution for N parallel D3-branes is unaltered by this combination of terms. The non-vanishing of 0 C 2 in this background (where 0 C is the background value of the Weyl tensor) leads to effective O(α ′ −1 ) interactions, such as C 2 and Λ 8 (where Λ is the dilatino). These contain D-instanton contributions in addition to tree and one-loop terms. The near horizon limit of the N D3-brane system describes a multi-AdS 5 × S 5 geometry that is dual to N = 4 SU (N ) Yang-Mills theory spontaneously broken to S(U (M 1 ) × · · · × U (M r )). Here, the D3-branes are grouped into r coincident bunches with M r in each group, with r M r = N and M r /N = m r fixed as N → ∞. The boundary correlation function of eight Λ's is constructed explicitly. The second part of the paper considers effects of a constrained instanton in this large-N Yang-Mills theory by an extension of the analysis of Dorey, Hollowood and Khoze of the one-instanton measure at finite N . This makes precise the correspondence with the supergravity D-instanton measure at leading order in the 1/N expansion. However, the duality between instanton-induced correlation functions in Yang-Mills theory and the dual supergravity is somewhat obscured by complications relating to the structure of constrained instantons.
Introduction
The AdS/CFT correspondence [1, 2, 3] has proved useful in pinning down a number of features of quantum string theory on the one hand and supersymmetric Yang-Mills quantum field theory on the other hand. The literature on this subject is large and it is sometimes difficult to decipher those aspects of the correspondence that follow from elementary symmetry principles and those that appear to contain some more detailed dynamical statements.
An intriguing series of identities that follows from the correspondence, even though it is not altogether clear why it should, concerns properties of Yang-Mills instantons and D-instantons of string theory. As observed in [4] and [5] there is an obvious qualitative correspondence between these objects, even in the SU (2) Yang-Mills theory. Semi-classical expressions for the one-instanton contributions to the correlation functions of operators in the multiplet of superconformal currents in SU (2) superconformal N = 4 Yang-Mills theory correspond to the dual supergravity amplitudes. However, it is only in the large-N limit of SU (N ) Yang-Mills theory that the correspondence is exact [6] . The measure on the ten-dimensional bosonic instanton moduli space was there shown to be that of AdS 5 × S 5 , which is identical to the geometric measure of a point-like D-instanton in IIB superstring theory in the presence of a large number of coincident D3-branes. Further evidence for this correspondence is contained in [7] . Half of the sixteen Poincaré supersymmetries and sixteen conformal supersymmetries of N = 4 Yang-Mills theory are broken by the presence of an instanton, which therefore carries fermionic moduli corresponding to eight broken Poincaré supersymmetries and eight broken conformal supersymmetries. These correspond to the moduli associated with the super-isometries of the maximally supersymmetric IIB supergravity background that are broken by the presence of a D-instanton.
The superconformal theory is a very special point in the moduli space of N = 4 theories, with vanishing expectation values for the scalar fields. More generally, nonzero expectation values correspond to displacing the D3-branes in transverse directions. This breaks the conformal symmetry but the background still preserves half the Poincaré supersymmetries. The purpose of this paper is to explore properties of D-instantons in this background and to make contact with the instanton in non-superconformal domains of the N = 4 Yang-Mills theory.
To begin with, in section 2 we will enlarge on the supersymmetry constraints that determine the leading behaviour of D-instantons in the α ′ expansion of the IIB effective action. It is known that D-instantons contribute to higher-derivative terms at order α ′ −1 (where the Einstein-Hilbert term is O(α ′ −4 )), such as C 4 , C 2 Λ 8 and many others (where C is the ten-dimensional Weyl curvature and Λ is the complex dilatino). Each of these terms is multiplied by a function of the complex scalar field τ , which is highly constrained by SL(2, Z) invariance. To understand the effects of these interactions in the multi D3-brane background we need to understand precisely how the various terms are related by supersymmetry. Of particular relevance are those interactions which depend only on C, τ and F 5 (the five-form field strength) and so may have non-zero values in the D3 background. These partners of the familiar C 4 are interactions of the form (DF 5 ) 4 , F 8 5 , C 2 (DF 5 ) 2 among others, all of which have a common dependence on τ . Although we have not completed a full supersymmetry analysis we will present compelling evidence that these terms package together in a simple manner with precisely defined relative coefficients. This particular combination of terms will be shown to leave the background D3-brane supergravity solutions unaltered at O(α ′ −1 ). A simple argument will demonstrate that although 0 C 4 is non-zero it cancels with the background values of the related terms so that the dilaton onepoint function vanishes 1 . Furthermore, the graviton and F 5 one-point functions will also be seen to vanish. However, 0 C 2 is non-vanishing and receives no corrections from terms involving 0 F 5 . Some relevant properties of the D3-brane supergravity background geometry are described in Appendix A where it is shown that 0 C 2 = −4H −3/2 ∂ 2 y ∂ 2 y √ H, where H is the standard harmonic function that enters the D3-brane solution and is a function of the six transverse coordinates, y i . Substituting this expression into the higher derivative interactions leads to O(α ′ −1 ) interactions of the form C 2 , Λ 8 , G 4 and many others. The D-instanton contributions to these interactions should be dual to corresponding instanton 1 Here and in the following the background value of any field, Φ, will be denoted by 0 Φ.
contributions to correlation functions in large-N SU (N ) N = 4 Yang-Mills theory on the boundary.
The Λ 8 correlation function is used as an illustrative example. This is obtained from the known effective C 2 Λ 8 supergravity interaction in section (2.3.1) by attaching the bulk to boundary dilatino propagator to each of the eight legs. This propagator is obtained in terms of the scalar bulk to boundary propagator by solving the Dirac equation in the multi D3 background. The same expression is obtained in section (2.3.2) by directly constructing the profile of the dilatino in the classical D-instanton background. This is linear in the Grassmann coordinates corresponding to the supermoduli for the broken supersymmetries.
The analysis of section 2 applies to any geometry resulting from parallel D3-branes although the correspondence with N = 4 Yang-Mills theory requires M r coincident D3-branes at transverse relative positions labelled by r, where M r /N = m r is fixed in the limit N → ∞. These multi-centred backgrounds [8, 9] include the special configurations of D3-branes that have been considered in the literature [10, 11] which correspond to continuous distributions of D3-branes, where the density of the distribution is large in the large-N limit. These distributions preserve particular subgroups of the R-symmetry group of the superconformal theory.
We will turn in section 3 to consider the dual N = 4 Yang-Mills theory in the situation in which the scalar fields ϕ i uv have non-zero constant vacuum expectation values (where i = 1, . . . , 6, and u, v = 1, . . . , N are colour indices). The most general configuration is one in which there are 6N non-zero commuting values ϕ i uv = ϕ i u δ uv . The instanton moduli space in this situation was discussed in [12] which focused on the situation with no degenerate scalar field vacuum expectation values. This analysis will be reviewed in section 3.1. Although the quantum theory is still finite, generic backgrounds of this type are not superconformal but preserve only the super-Poincaré symmetries. This implies that, in the presence of an instanton, there are four exact bosonic moduli x µ 0 (µ = 0, 1, 2, 3), corresponding to the broken translation invariance and eight fermionic moduli, η A α (where α = 1, 2 is a chiral SO(3, 1) spinor index and A = 1, 2, 3, 4). In this situation the instanton is not an exact solution of the euclidean theory but only a minimum of the action with the non-exact moduli constrained to fixed values. In other words, there is a non-trivial dependence of the instanton action on the non-exact moduli, giving rise to a nontrivial measure. For small g YM it is possible to study the effects of such constrained instantons in a systematic manner in perturbation theory [13, 14, 15] .
In section 3.2 we will show that the instanton measure of [12] remains valid in cases in which there are degeneracies of vacuum expectation values. We will reexpress the measure in terms of an integral representation which is useful for discussing symmetry breaking in which the vacuum expectation values cluster into r sets of degenerate values with M r in each set and with r M r = N . In the limit N → ∞ with M r /N = m r fixed this configuration should be equivalent to the near-horizon geometry of a multi-centred configuration of D3-branes, as in [8, 9] . The measure will be expressed as a function of the six non-exact bosonic moduli, χ i (i = 1, . . . , 6) which correspond to the transverse position of the D-instanton in the dual description (and reduce to the scale of the instanton and its position on the five-sphere in the conformal AdS 5 × S 5 limit). We will show that at large N this measure is proportional to ∂ 2 χ ∂ 2 χ √ H, where H is the same harmonic function as the one that enters the dual supergravity background. In appendix B an alternative discussion is given of the properties of the measure by writing it in terms of Schur polynomials.
In addition to the measure, we would like to evaluate instanton-induced contributions to 'minimal' correlation functions of composite gauge invariant Yang-Mills operators. These correlation functions are those in which each operator soaks up at least one of the eight Poincaré supermoduli. However, there are significant complications in this case that do not arise in the superconformal case. These arise from the fact that the R-symmetry group is generically completely broken due to the vacuum expectation values for the scalar fields. This leads to mixing of infinite sets of single-trace operators, as well as mixing with multi-trace operators. Combined with the fact that the constrained instantons are not exact solutions this make it difficult to evaluate the correlation functions. Further comments on these issues are made at the end of section 3.2 without reaching a firm conclusion.
Type IIB effective action, D3-branes and D-instantons
We will first consider the effects of interactions of order α ′ −1 in the presence of D3-branes in type IIB superstring theory. There are many such interactions, including the well-known C 4 interaction (where C is the Weyl tensor) which, in string frame, has the form [16] ,
Here the specific index contractions have been suppressed, c 1 is a constant and τ = τ 1 +iτ 2 = C (0) + ie −φ is the complex scalar field (with C (0) being the Ramond-Ramond scalar). The fields τ andτ parameterise the coset space SL(2, R)/O(2). The function f (0,0) (τ,τ ) is defined by the Eisenstein series 2) and is invariant under SL(2, Z). The factor of e −φ/2 in (2.1) is absent in the Einstein frame. The exact expression was suggested by a variety of arguments in [16] and [17] and was shown to be a consequence of full nonlinear supersymmetry in [18] . The value of C 4 in (2.1) is non-zero in the D3-brane background. The other interactions indicated by · · · in (2.1) are those that involve F 5 as well as the Weyl curvature. These are all the interactions that have non-zero values in the D3-brane backgrounds of interest to us here, in which F 5 is not constant and the Weyl tensor is non-vanishing and all other fields are trivial. We will determine the precise form of these non-vanishing background terms in the next sub-section where we will see that they all cancel. The procedure of [18] for determining the fully nonlinear interactions was to require closure of the on-shell supersymmetry algebra order by order in α ′ which uniquely determines the O(α ′ −1 ) corrections to the action (up to trivial field redefinitions) as well as non-trivial and highly nonlinear corrections to the supersymmetry transformations. The α ′ expansion of the IIB effective action has the form
where S (0) /α ′ 4 is the classical action. Invariance of the full action (2.3) under ε * supersymmetry is ensured only because the classical supersymmetry transformations are modified by O(α ′ 3 ) corrections so that the complete supersymmetry transformation of any field Φ has the form 4) where the superscripts indicate the order in the α ′ expansion. The expressions S (3) and δ (3) Φ are determined (up to field redefinitions) by solving the equation 5) together with the requirement that the supersymmetry algebra closes on shell. This means that
6) so that the algebra closes on the solutions of the equation of motion defined by S (0) +α ′ 3 S (3) . The quantity k(ε 1 , ε 2 ) is bilinear in the Grassmann parameters ε 1 and ε 2 which are sixteencomponent SO(9, 1) spinors. The fact that supersymmetry of the effective action links terms in the α ′ expansion is no surprise and is a vital ingredient in the derivation of the modular forms in the various interactions.
Supersymmetry requires the presence of very many other interactions with classical values that vanish in the classical D3-brane background. We will later focus on terms with a factor of C 2 , which include (2.1) as well as (again suppressing the index contractions),
where Λ is the complex dilatino and G is a complex combination of the R⊗R and N S ⊗N S three-form field strengths. As with the C 4 term, only the traceless part of the curvature (the Weyl tensor) enters in (2.7). The constants c 1 , c 2 , . . . are easily determined by linearised supersymmetry combined with modular transformations. The modular form f (w,−w) transforms under SL(2, Z) with holomorphic weight w and anti-holomorphic weight −w, i.e.,
when τ → (aτ + b)/(cτ + d) (with ad − bc = 1 and a, b, c, d integers). The modular transformations of f (w,−w) compensate for the U (1) transformations of the fields that are induced by SL(2, Z). We are here fixing the O(2) ∼ U (1) gauge so the scalar fields are restricted to the coset SL(2, R)/O (2) . In this case the U (1) charges of the fields are q P = 2, q Λ = 3/2, q G = 1, q ψ = 1/2, q R = 0 and q F 5 = 0, where P = i∂τ /(2τ 2 ) (the scalar field τ does not carry a specific U (1) charge). The total U (1) charge carried by the fields in any of the terms in (2.1) or (2.7) is 2w. Explicitly, f (w−w) is given by the Eisenstein series,
This has an expansion in the string coupling g = e φ = τ 
Supersymmetry and the generalised C 4 interaction
In order for the classical multi D3-brane background to remain unaltered by the O(α ′ −1 ) interactions it is important that the contributions of these higher derivative interactions to the one-point functions of the dilaton, graviton and F 5 all vanish. For example, the vanishing of the dilaton one point function requires the terms in the higher derivative action (2.1) to vanish in the classical background since they involve the dilaton-dependent factor f (0,0) (τ,τ ) which would otherwise alter the dilaton equation of motion. Since the background Weyl tensor, 0 C, the background five-form field strength, 0 F 5 , and 0 D 0 F 5 are not zero in the non-conformal backgrounds of interest there must be detailed cancellations between the various terms in (2.1). We will now see that this follows from the BPS condition for the background. The 32 components of the type IIB supersymmetry parameters form 16-dimensional complex SO(9, 1) spinors ε a and ε * a (a = 1, 2, . . . , 16). The supersymmetry transformations of the gravitini fields in IIB supergravity have the form [19] , [20] 
where M, N, . . . = 0, 1, . . . , 9 are ten-dimensional world indices, Γ M = e MM ΓM and e MM is the ten-dimensional frame field (andM = 0, 1, . . . , 9 is a tangent-space index) 2 . The 16×16 matrices ΓM are projections of the SO(9, 1) acting on chiral spinors (see appendix A for conventions). The quantity D is defined to include the contribution of the five-form field strength. The transformations of the dilatini are
The scalar field enters into the definition of P M = i∂ M τ /(2τ 2 ) and its complex conjugate P * . D M includes the spin and Christoffel connections, as usual. The dots in the above equations indicate the contributions of combinations of fields that have been suppressed since their precise form will not be relevant for us. For example, we are ignoring the three-form field strengths, G M N P and G * M N P , as well as various terms quadratic in fermions in the variation of the gravitini. Furthermore, the bosonic fields enter in combination with fermion bilinears that we are suppressing so that they form supercovariants (denotedF 5 ,P andP * in [19] ). Such combinations transform under supersymmetry without derivatives of the parameters ε and ε * . By acting with D N on equation (2.11) it is straightforward to derive the condition
(recalling that D is defined by (2.11)) where
The combination (
and cubic fermionic terms while (R M N + · · · ) denotes the supercovariant extension of the curvature tensor (detailed definitions of these supercovariant contributions are given in section 9 of [20] 3 ). The physical content of Type IIB supergravity is contained in a scalar superfield that is a function of x M , θ and θ * , where the Grassmann coordinates θ and θ * are sixteencomponent SO(9, 1) chiral spinors of the same chirality. This superfield satisfies an analytic constraint analogous to a chiral constraint, D * Φ = 0, which means that it can be written as a function of θ andx M = x M − θ * Γ M θ only. The components in the expansion of Φ in powers of θ are supercovariant combinations of fields and derivatives of fields, described above. Symbolically,
where dots indicate terms that complete each bracket into a supercovariant expression. In this case ε supersymmetry implies δ ε Φ = ε∂Φ/∂θ. If the Grassmann parameter is assigned a charge 1/2 under U (1) transformations all the terms in the superfield (2.15) have charge 2 apart from the first (θ-independent) term. The superfield is a nonlinear generalisation of the scalar superfield of [20] and was considered in detail in [21] . The detailed form of the term cubic in θ in (2.15) is (dropping the terms indicated by dots) 16) while the term quartic in θ is proportional to
where 4
(we are ignoring the three-form field strength and fermion terms). Equation (2.13) follows, after adjusting a relative multiplicative constant, by applying εQ to (2.17) and identifying this with the ε variation of D [M ψ N ] in (2.16). In writing (2.18), it is assumed that R M N P QRS is symmetrised in the manner implied by multiplying by θ Γ M N P θ θ Γ QRS θ. For example, it should be manifestly antisymmetric in [M N P ] and [QRS] as well as symmetric under interchange of M N P and QRS. Fierz rearrangements imply further symmetries, such as the absence of double traces. As a result, the components of R M N P QRS lie in the sum of the 1050 + and 770 representations of SO(9, 1) 5 . The 770 is identified with the Weyl tensor, which is the only part of the Riemann tensor R M N P Q that survives in (2.18), as is well known. The DF 5 and F 2 5 terms contribute to the 1050 + . The appropriately symmetrised 0 R can be written in spinor basis as
where a, b, c, d are 16-component chiral SO(9, 1) spinor labels. The antisymmetrisation of these indices follows from contraction with the Grassmann θ's in (2.17) and immediately implies that there are 1820 = 1050 + 770 components. It is known that in linearised approximation the O(α ′ −1 ) interactions in S (3) are contained in the integral of a function of Φ(x, θ) over the sixteen θ's. Furthermore, the full nonlinear supersymmetry uniquely determines the τ -dependent modular forms f (w,−w) (τ,τ ). These statements were combined in [18] to deduce the modular function f (0,0) that multiplies the C 4 interaction. Together with the analysis of the preceding paragraph this suggests that the C and F 5 enter into the O(α ′ −1 ) action in the combination
This is of the form indicated in (2.1) but with precisely defined relative coefficients. The interaction S
R 4 can be expanded as a combination of C 4 and terms involving F 5 and DF 5 (other fields being trivial). Since R contains a piece of order F 2 5 [21] there are highly nonlinear terms, such as F 8 5 , in (2.20) . We should emphasise that we have not proved that (2.20) contains all the terms involving only C, F 5 and DF 5 . That would require a complete analysis of the constraints of nonlinear supersymmetry at O(α ′ −1 ), which we have not completed. However, it is easy to argue how supersymmetry should determine the form of (2.20) , including the modular function f (0,0) , as follows. The classical supersymmetries acting on any field relate this R 4 interaction to interactions of the form (Dψ + · · · ) R 2 (D 2 ψ * + · · · ), where the · · · inside the brackets again extend these terms to supercovariant derivatives. In order to determine the modular function it is necessary to consider the manner in which supersymmetry mixes f (0,0) R 4 with f (1,−1) Λ Dψ R 3 . This requires highly nonlinear modifications of the supersymmetry transformations, such as the ones deduced in [18] .
The superspace analysis of [21] apparently gives a different expression from (2.20), which we will not consider since it does not reproduce classical tree-level or one-loop string theory results.
Non-renormalization of
We now want to understand how the interaction (2.20) affects BPS solutions of the classical supergravity. Such solutions are characterised by the condition that the supersymmetry transformations of the gravitini (2.11) vanish (we are only concerned with backgrounds for which the three-form field strengths vanish) so that
defines a Killing spinor ζ, with a conjugate equation for ζ * . The vanishing of the transformations of the dilatini (2.12) is automatic if P M and P * M vanish, which they do in the D3-brane background (but P M = 0 in the presence of a D-instanton, which will be important later). Applying D N to (2.21) and its conjugate leads to the condition R M N ζ = 0 together with its conjugate (setting fermion fields to zero).
Generally, the background will break some of the supersymmetry, even in the absence of the D-instanton. The D3-brane backgrounds of concern to us break half the supersymmetry. In order to evaluate the Killing spinors we shall decompose the SO(9, 1)-covariant fields into SO(6) × SO(3, 1) representations. The 32 × 32 SO(9, 1) gamma matrices,Γ M , are written for M = i + 3 (i = 1, . . . , 6) aŝ 22) whereγ i are the 8 × 8 SO(6) gamma matrices and Σ i AB andΣ i AB are 4 × 4 matrices. For
In our conventions, the ten-dimensional supersymmetry parameter ε satisfies the chirality constraintΓ 11 ε = −ε. It decomposes into SO(6) × SO(3, 1) chiral spinors, 24) where ± indicates the eigenvalue of γ 5 .
The main features of the multi D3-brane background are discussed in appendix A where the well-known solution for the Weyl tensor and the five-form field strength is given in terms of a harmonic function in the transverse space, H(y) = 1+ r M r L 4 /|y − y r | 4 ≡ e 2A . Substituting these into (2.21) leads to the solution for the Killing spinor [24] , 25) where ζ 0 A +α is an eight-component constant spinor. The corresponding condition on δ ζ * ψ * M determines the solution for the Killing spinor
In order to determine the 0 R 4 interactions we will substitute the background fields into R M N RP QS which was defined in (2.18). First, we note that the F 2 5 terms do not contribute in this background. The non-vanishing components of the suitably symmetrised R are 27) where
The terms with ε tensors in these expressions come from 0 D 0 F 5 while the remaining terms come from the Weyl tensor, C. These expressions satisfy duality conditions,
In the notation of (2.19) these conditions mean that 0 R only contains the part that is of definite chirality with respect to both SO(3, 1) and SO (6) , namely the part with γ 5 = +1 andγ 7 = −1. This means that in SO(3, 1)×SO(6) spinor notation the non-zero components are
with no upper SO(6) or undotted SO(3, 1) spinor indices. As expected for a 1/2-BPS configuration the effective dimensionality of each of the four bi-spinor indices is eight. Now decompose θ in terms of the SO(6) × SO(3, 1) bi-spinors θ A +α and θ −α A . From (2.29) it follows that the only components of θ that contribute to (2.17) are the eight θ + components. Therefore terms in θ 16 R 4 with three or four powers of θ 4 + 0 R vanish identically since they involve more than eight powers of θ + . This means, for example, that even though 0 C 4 is non-zero the combination of interactions in 0 R 4 in (2.20) cancel in the multi D3-brane background, which implies that the dilaton equation of motion is unchanged. This cancellation between 0 C 4 , 0 C 2 ( 0 D 0 F 5 ) 2 and ( 0 D 0 F 5 ) 4 terms can be seen explicitly by substituting the expressions (2.27). Similarly, 0 R 3 vanishes since it involves twelve powers of θ + , which implies that the graviton and F 5 one-point functions vanish. We conclude that the classical D3 background is unaltered by the R 4 interactions. The first non-vanishing power is 0 R 2 , which leaves eight powers of θ − to be saturated by external field insertions in scattering amplitudes. This will be considered in the next subsection.
O(α ′ −1 ) interactions in D3 backgrounds
We now wish to consider the D-instanton contribution to the O(α ′ −1 ) interactions in the D3-brane background and compare them with the Yang-Mills instanton contribution (restricted to the one-instanton sector) to the corresponding correlation functions. In order to do this we need to substitute the background values of the fields into the interaction lagrangians such as , such as C 4 , Λ 8 C 2 , GG * C 2 , G 4 C 2 . To leading order in the fluctuating fields this leads to interactions of the form
where O is a term of the form C 2 , Λ 8 , GG * , G 4 , or one of the many other possibilities. According to the AdS/CFT correspondence the fields in O couple to the UV Yang-Mills theory on the boundary at r → ∞.
In writing (2.30) we have used the fact that
(where c is a numerical constant) and gets no contribution from F 5 or DF 5 . To see this we first note that the Grassmann integrations result in a tensor proportional to
This means that each factor of 0 R has an internal pair of indices contracted. However, any non-trivial contraction of 0 R kills the 0 D 0 F 5 term which means that any contraction of the form 0 R M N P M RS is proportional to the Weyl tensor, 0 C N P RS . Furthermore, there is a unique non-vanishing contraction of two Weyl tensors, which is the combination occurring in (2.31). The factor of (det 0 e) 0 C 2 that appears in each of the interactions in (2.30) is evaluated in appendix A where it is shown that
where
is the standard harmonic function in the transverse space that enters into the D3-brane metric (and L is an arbitrary length scale). The fields in the composite operators O multiply the remaining Grassmann variables, namely, the eight θ − variables. This determines the tensor structure of these combinations of fields. For example, the eight-dilatino term has the form The preceding analysis applies to any configuration of N parallel D3-branes. However, in order to make contact between the α ′ expansion of the classical string theory and YangMills theory it is necessary to consider D3-branes in the limit in which each brane is close to the horizon of all the other ones. After an appropriate rescaling of coordinates the constant term in H can be dropped in this limit, as usual.
The dilatino propagator and the Λ 8 amplitude
We will now consider the example of the effective f (6,−6) (τ,τ ) Λ 8 0 C 2 interaction in (2.7) which gives rise to a correlation function of eight Λ − operators on the r → ∞ boundary. The tensor structure in this term is uniquely specified since the eight components of Λ − are antisymmetrised.
The D-instanton contributions are obtained by considering the Fourier expansion of f (6,−6) . From (2.10) we see that to leading order in the string coupling constant the Dinstanton contributions to Λ 8 − are proportional to
The correlation function of eight Λ's at points x µr r on the boundary |y| → ∞ is obtained by attaching a bulk to boundary propagator to each Λ − in the interaction vertex. The propagator connecting the interaction point (x µ 0 , y i 0 ) to the appropriate point on the boundary is obtained by solving the ten-dimensional Dirac equation for the dilatino, 
It follows that
where the hats again indicate flat tangent space indices. The dilatino solution therefore has the form Λ
whereΛ A − (x) denotes the value of the dilatino at the point x of the boundary at |y| = r → ∞. The dilatino bulk to boundary propagator is given bŷ
whereK is the scalar bulk to boundary propagator, which satisfies the scalar Laplace equation,
The D-instanton part of the eight-dilatini amplitude that emerges from the D3-brane background is therefore proportional to
The overall factor of g −6 in (2.34) is seen from (2.43) to come from a factor of 1/g for each external state and a factor of g 2 in the measure. Since g is identified with g 2 YM /4π this implies a factor of g 4 YM in the Yang-Mills instanton measure in accord with [12] and the expression in section 3.
D-instanton zero modes
The single D-instanton induced Λ 8 correlation function (2.43) may also be obtained by a semi-classical analysis of the fermionic zero modes of the D-instanton solution.
A D-instanton by itself breaks sixteen of the supersymmetries [25] so that when the fields are set equal to their background values only the ε symmetry is preserved and the ε * supersymmetry is broken, resulting in sixteen fermionic moduli. This is seen from (2.12) by recalling that in a D-instanton background P M = 0 but P * M = 0 (after continuing to euclidean signature). In the D3-brane background the ε * + supersymmetries are already broken by the background and so they do not correspond to exact D-instanton moduli. Therefore, the net result of adding a D-instanton to the D3-brane background is that the eight components of the ε * − correspond to exact supermoduli since these are exact symmetries of the background that are broken by the D-instanton.
These supermoduli must be soaked up by the operators in any D-instanton induced correlation function. This means that the expectation value of O is obtained to leading order in the coupling by replacing the fields in O by their instanton profiles, or zero modes, as in the AdS 5 × S 5 case considered in [5] . The profiles are obtained by applying the broken supersymmetries to the D-instanton recursively. For example, identifying ζ * with the broken supersymmetry, the dilatino zero modes following from (2.12) are
The quantity 0 P M = e −φ ∂ M eφ is the classical value of P M in the D-instanton background and satisfies satisfies ( 0 D M + 2i 0 Q M ) 0 P M = 0 where eφ is the solution of the scalar Green function between two points in the bulk, (x, y) and (x 0 , y 0 ). The term 2i 0 Q M arises from the fact that P M has U (1) charge 2 and 0 Q M = i 0 P M /2 is the composite U (1) gauge potential due to the D-instanton (with euclidean signature). For convenience we normalise the Killing spinor ζ * in (2.44) so that it has the form
where ζ 0 * − is a constant eight-component Grassmann valued chiral spinor, which we take to have negative ten-dimensional chirality in accord with the chirality of the gravitino. The factor of eφ /4 in the Killing spinor is due to the U (1) connection in the presence of the D-instanton [5, 25] 6 .
The expression (2.44) for Λ 0 is guaranteed to satisfy the Dirac equation on the coordinates (x, y),
The y-dependent mass term in this equation has the opposite sign from the mass term in (2.36) because this is the Dirac equation appropriate to Λ * , which is conjugate to Λ. Furthermore, the (x 0 , y 0 )-dependent normalisation of the Killing spinor in (2.45) has been chosen so that Λ 0 reduces to the suitably rescaled bulk to boundary dilatino propagator in the limit r → ∞. Close to the boundary the metric approaches AdS 5 × S 5 and (eφ − g) ∼ r −4K , whereK is the scalar bulk to boundary propagator. Therefore, in this limit rP r → −4g −1 r −4K . Together with the fact that H −1/8 (r) → r 1/2 and eφ → g in this limit it follows from (2.44) that
47) where Λ A −α is the same expression as (2.40). The eight supermoduli ζ 0 * − are soaked up by the product of eight dilatini in the correlation function and the Grassmann integrations generate the tensor T 8 contracted into eight propagators in agreement with (2.43). The factor of g −6 in (2.43) is also reproduced. The factor of ∂ 2 ∂ 2 H 1/2 in the integrand of (2.43) should be proportional to the D-instanton measure, which we have not evaluated directly.
Instantons in non-conformal N = 4 supersymmetric Yang-Mills
We now turn to consider the Yang-Mills dual of the above superstring description. The displaced D3-branes correspond to vacuum values for scalar fields that break the gauge symmetry from SU (N ) to S(U (M 1 ) × · · · × U (M l )). We will again be interested in the limit N → ∞ with M r /N = m r fixed. Before considering the large-N limit we will review the analysis of the instanton contribution by [12] of the finite N case with nondegenerate scalar field vacuum expectation values.
Review of the one-instanton measure
With non-zero vacuum expectation values for the scalar fields the BPST instanton is not a solution of the euclidean field equations unless its scale is constrained [14] . The constrained instanton action depends on the scale in a manner that is controllable in perturbation theory and gives rise to a nontrivial measure. In the case of the N = 4 Yang-Mills theory the measure on the supermoduli space of such constrained instantons in the presence of non-zero expectation values for scalar fields is efficiently expressed as a decoupling The partition function defined by these variables is given by
whereẐ is the centred partition function, The dimensional coupling constant in (3.2) is defined by g 0 = g 2 YM α ′ −2 . We are interested in the decoupling limit α ′ → 0 in which system reduces to the field theoretic Yang-Mills instantons and so we will set g 0 → ∞ from here on. In the superconformal theory the six bosonic moduli χ i describe the unit vector on the five-sphere and the instanton scale size. It is now convenient, following [12] , to integrate the moduli that carry a gauge index. The µ A u andμ A u integrals can be evaluated by completing the square of the fermionic terms, leading tô
The wα u andwα u integrations can now be performed, givinĝ 5) where the fermion bilinear Ξ is defined by
It should be noted that if all the vacuum values are equal so thatχ i u = χ i and Ξ u = Ξ, the fermionic terms in the integrand of (3.6) can be eliminated by shifting the variable D c . In that case there is superconformal invariance and the λ integration causes the measure to vanish. It is useful to change variables from λ Aα toξ Ȧ α defined by λ Aα = χ ABξ The eight fermionic integrations pick out the term quartic in Ξ in the Taylor expansion of the integrand of (3.5) in powers of Ξ. This term has a factor of D −4 which makes the d 3 D integration convergent and, as shown in [12] , the result of performing these integrals is that the measure can be written as an integral over the six components of χ i in the form
where ∂ 2 is the flat Laplace operator in the six-dimensional χ i space. The function I N depends on χ i via its dependence on the N quantities, 8) and is given by
The integral in (3.7) was evaluated in [12] using Gauss' law, givinĝ
whereẐ f comes from surface integrals around the points x u = 0 (χ = ϕ u ). In the nondegenerate case considered in [12] the strength of each of these singular contributions is one so thatẐ f = N . The contributionẐ ∞ comes from the surface at |χ| → ∞, which is the small-instanton limit and corresponds to a D-instanton at the boundary of AdS 5 . The asymptotic behaviour I N ∼ k N |χ| −2 as |χ| → ∞ leads toẐ ∞ = −k N , so that 11) where
For future reference we note that as N → ∞, 13) as follows from Stirling's approximation. Some properties of I N are elucidated by expressing it in terms of Schur functions as discussed in appendix B.
Multi-centred configurations
We now want to extend the analysis of [12] to configurations for which there is a superstring dual that can be studied in semi-classical approximation. This first requires us to demonstrate that the expression for the instanton measure applies to the situation in which the eigenvalues are degenerate. We will denote by ϕ i r an eigenvalue that has degeneracy M r so that l r=1 M r = N . In this situation, the centred partition function (3.5) becomeŝ
Instead of repeating similar steps to those of [12] it is useful to introduce the integral representation,
In this representation it is straightforward to perform the D c integrations, Performing the integrations over the eight factors of λ picks out the term quartic in Ξ, which has the form 17) where z r = y r x 2 r . The Grassmann integrations over the eight components of λ can be performed making use of the identity
+ permutations of 1234 (3.18) (where the normalisation dθ θ = 2 for Grassmann integration has been adopted). This can be used to show that
u −x r x s + 2x rχs ·χ t + 5χ r ·χ sχt ·χ u + 6 20) where
This expression can also be obtained from
by evaluating the gaussian integral over D (dropping an irrelevant χ-independent divergence at D = 0). In the non-degenerate case (M r = 1) the first line of (3.22) coincides with an expression in [12] where it was shown to be equal to I N (3.9), i.e., I {Mr=1} ≡ I N . Conversely, I {Mr} coincides with the limit
The integral representation of I {Mr} in (3.21) is useful for estimating its behaviour in various limits.
Large-distance limit |χ| ≡ r → ∞. Consider an arbitrary configuration with l = N centres, i.e., all M r = 1 (which includes degenerate cases). Writing
we have
The limit r ≡ |χ| ≫ ϕ u corresponds to ε u → 0. To leading order in the ε u , the integrand is a function of s = z 1 + · · · + z N only, and we obtain 26) which is the same result as in [12] ,
The exponent becomes stationary at z r = M r − 1. Changing variables toẑ r = z r − M r − 1 gives
where Stirling's approximation has been used. We therefore see that I N is proportional to √ H, where H is a harmonic function in the six-dimensional space spanned by χ i . It is of course no accident that this is the harmonic function that enters into the metric for N D3-branes (which is reviewed in appendix A) in the near-horizon large-N limit.
The scale size of the instanton is defined by ρ 2 =w uα w uα . Evaluating its expectation value with the measure defined by (3.2) results in ρ 2 = ww = 2 r M r /x r . This reduces to ρ 2 = 2N/r 2 in the |r| → ∞ (small instanton) limit and approaches ∞ in the various infra-red limits atχ r ∼ 0 where the instanton should reduce to a BPST instanton of the SU (M r ) subgroup. This behaviour is in qualitative agreement with expectations.
When the degeneracy of eigenvalues is finite at a number of sites the large-N limit of I N is not equal to √ H. However, as shown at the end of appendix B, the asymptotic behaviour of I N as a function of r matches that of √ H at least up to terms of order r −9 . The derivation relies on writing I N in terms of Schur polynomials although this result can presumably also be extracted from the integral representation (3.9).
Comments on correlation functions in N = 4 Yang-Mills theory
The matching of correlation functions in the Yang-Mills theory with the supergravity amplitudes is not so straightforward. Even in the absence of the instanton the D3 background metric is complicated to describe in terms of the boundary Yang-Mills theory. As described in [8] and [9] the classical scalar field expectation values generically break the SO(6) R-symmetry, leading to an infinite tower of non-vanishing single-trace chiral primary operators, O
) as well as muti-trace products of these operators, which mix with each other. The tensor indices in these expressions are defined by the values of the scalar field expectation values. These operators couple to the trace of h M N on the five-sphere, where h M N = g M N − g AdS is the deviation of the metric from the AdS 5 × S 5 metric, g AdS . The multi-trace components are essential for generating terms nonlinear in M r in the expansion of H 1/2 in powers of 1/r.
In addition, even in the superconformal theory, where the scalar fields ϕ i have zero classical expectation values, the presence of an instanton leads to expectation values which are proportional to products of two fermion moduli, ϕ 
(where the appropriate symmetrisations of indices is assumed). In the superconformal theory l would indicate the Kaluza-Klein mode on the five-sphere to which the operator couples.
When ϕ has both a classical expectation value and and an instanton-induced fermion bilinear the situation is even more complicated. This has not been analysed in detail but certain qualitative features are apparent. The combination of operators that couple to the dilaton 0 C in this background is a sum of single-trace operators C l multiplied by factors of O lr . In order to match the supergravity expression for the D-instanton solution of the dilaton this combination has to be equal toK, the solution of the ten-dimensional Laplace equation (2.42) . Similarly, the dilatino couples to 0Λ which is a sum of single-trace operatorsΛ l multiplied by factors of O lr . As usual, the instanton profile ofΛ l is linear in the fermionic collective coordinates for the broken supersymmetries, η A α . This should lead to a non-zero correlation function of eightΛ's that matches the eight-dilatini correlation function (2.43).
Summary
In this paper we considered aspects of higher derivative interactions of type IIB superstring theory in the background of a collection of parallel D3-branes. To begin with we considered the higher derivative interactions of the IIB effective action at O(α ′ −1 ) that are functions only of C, τ and F 5 (as well as the metric) and which might therefore be non-zero in the D3 background. An argument that combined supersymmetry and SL(2, Z) invariance was used to package all these terms into a highly nonlinear expression of the form α ′ −1 d 10 x det e f (0,0) R 4 . A full proof that there are no additional terms involving only these fields has not been completed. We saw that R possesses an elegant self-duality property in the D3 background from which it follows that ( 0 R) 4 = ( 0 R) 3 = 0 and so the background is not affected by the order α ′ −1 interactions. More precisely, the one-point functions of the dilaton, graviton and five-form field strength all vanish, which is in accord with stringy intuition. The non-zero value of the curvature leads to a non-zero value of
, where H is the harmonic function that enters in the classical background solution. There are no terms quadratic in the five-form background field or its derivative. As a result, there are terms in the effective action of the form C 2 , Λ 8 , G 4 and many others, which all have known D-instanton contributions. The D-instanton contribution to the correlation function of eight Λ's on the |y| → ∞ boundary of the near-horizon geometry was explicitly determined. This involved constructing the bulk to boundary propagator for Λ − , which is given in terms of the product of a Killing spinor and the scalar bulk to boundary propagator,K. This is also the structure obtained from the fermionic zero modes in the D-instanton background. Special solutions of the scalar Laplace equation have been discussed in the literature for continuous distributions of D3-branes that have some residual symmetry (see, for example, [8, 10, 11] ).
The second part of the paper (section 3) considered the effects of an instanton in nonconformal regions of the moduli space of N = 4 supersymmetric SU (N ) Yang-Mills theory at large N . We argued that the expression for the measure of the constrained one instanton moduli space of [12] applies to degenerate cases in which eigenvalues of the scalar fields coincide. In the limit N → ∞ with M r /N fixed (where M r is the degeneracy of eigenvalues with value ϕ r ) the measure on the six scalar moduli, χ i , was found to be proportional to ∂ 2 χ ∂ 2 χ H 1/2 . This is the same factor as appeared in the D-instanton measure (with y i identified with χ i , apart from a dimensional constant).
The comparison of instanton induced correlation functions of gauge invariant operators with corresponding supergravity amplitudes is more problematical. The background geometry is described by a complicated sum of multi-trace operators of the boundary theory, involving the classical vacuum values of the scalar fields. The presence of the instanton induces additional expectation values of the Yang-Mills scalar fields that are bilinear in the infinite number of non-exact fermionic moduli. We have not sorted out the full effect of these vacuum values but expect that the correlation functions should match those of the supergravity.
The effective IIB supergravity action contains a great deal of information concerning multiply charged D-instanton contributions. This should provide information about multi Yang-Mills instantons which we have not considered explicitly in these backgrounds. The agreement between the two sides indicates, for example, that the Yang-Mills measure should contain a factor of m|K 1/m 2 , just as in the AdS 5 × S 5 case.
A. Properties of the D3-brane background supergravity solution
We will here review some useful properties of the supergravity background considered in the main text and also define notation and conventions.
Type IIB supergravity admits multi-centre D3-brane solutions [24] with a metric of the form
where η µν = diag(−1, +1, +1, +1) and the indices take values M = 0, . . . , 9, µ = 0, . . . , 3, i = 1, . . . , 6. The self-dual five-form field strength is given by
the dilaton is constant, and all other fields are set to zero. The field equations
and d 0 F 5 = 0 are satisfied if H is a harmonic function of the transverse coordinates y i ,
where L is a length scale and M r are integers. The source terms represent a superposition of parallel D3-branes, with M r coincident branes at y = y r . The solution 5) where |y − y r | 2 = (y i − y i r ) 2 , leads to a metric which is asymptotically flat. The harmonic condition implies A ,i i = −2A ,i A ,i + (δ function terms).
The non-zero components of the Christoffel connection for the metric (A.1) are 6) and the Riemann tensor has non-zero components
where antisymmetrisations are with unit weight. The nonvanishing components of the Ricci tensor are 8) and the the curvature scalar vanishes,
The Weyl tensor has components
Here we have introduced the symmetric traceless tensor
signifies the covariant derivative with respect to the six-dimensional transverse space. The only quadratic diffeomorphism invariant that can be constructed from the Weyl tensor is
The field strength F 5 in (A.2) is self-dual by construction. We follow the convention where the Hodge dual is defined by 
where ε µνρσ and ε ijklmn denote the components of the four-and six-dimensional volume forms, ε 0123 = H −1 and ε 123456 = H 3/2 . The covariant derivative of F 5 has components
We introduce an orthonormal frame
where hats denote flat indices. The connection one-form then has components
The 32 × 32 Dirac matricesΓM satisfy
The chirality of a ten-dimensional spinor is defined by the eigenvalue ofΓ 11 =Γ0 · · ·Γ9, which hasΓ 2 11 = 1. The matricesΓ can be expressed aŝ
where ΓM ab andΓ ab M are 16× 16 matrices which act on chiral spinors (with upper and lower indices corresponding to ± chiralities). A Gamma matrix with a curved index is obtained using the frame field, Γ M = eM M ΓM . In these conventions, expressions such as λ * 1 Γ M 1 ···Mr λ 2 transform as SO(9, 1) tensors. If the chiralities of λ 1 and λ 2 are equal r must be odd while if the chiralities are unequal r must be even. The quantity Γ M 1 ···Mr is defined so that when when the M i are all distinct, it is equal to Γ M 1Γ M 2 · · · Γ Mr if r is odd and Γ M 1Γ M 2 · · ·Γ Mr if r is even (with a corresponding definition ofΓ M 1 ···Mr ). For convenience the bars are omitted from the Γ's in the text since their positions are always obvious by context.
The covariant derivative acting on a spinor ε is
The equations of motion of type IIB supergravity are invariant under 32 supersymmetries which form two Majorana-Weyl spinors ε 1 , ε 2 of the same ten-dimensional chirality. The chirality is linked to the choice of sign in F 5 = ± * F 5 , and in our conventions Γ 11 ε 1,2 = −ε 1,2 . We use the complex combinations ε = ε 1 + iε 2 , ε * = ε 1 − iε 2 . In the D3 background the supersymmetry variation of the gravitino is
with a corresponding equation for the variation of ψ * M (with Γ (5) = iΓ0123 = γ 5 ⊗ 1). The background preserves those supersymmetries with δ ζ ψ M = 0 and δ ζ * ψ * M = 0. In terms of the projected Killing spinors ζ ± = 1 2 (1 ± Γ (5) )ζ, this is equivalent to the conditions
For generic distributions of parallel D3-branes the solution of these conditions is given by the 16 Killing spinors
where ζ 0 + and ζ 0 * − are constant eight-component spinors.
B. Instanton measure and Schur polynomials
In the following, we will present an alternative discussion of some of the properties of the measure of section 3.2, starting fromẐ
In order to consider degenerate configurations of vacuum expectation values, we will need to study the function I N (x 1 , . . . , x N ) with its arguments set equal in clusters. Similarly, a large-distance asymptotic expansion is equivalent to taking all arguments of I N close to one. Both limits can be analysed by rewriting I N in terms of Schur polynomials, which avoids the apparent singularities at x u = x v .
B.1 Properties of the function I N
It will prove useful to consider generalisations of I N defined by
where d is an arbitrary integer. The I N are symmetric homogenous rational functions. A series of manipulations shows that they have particularly simple representations in terms of Schur polynomials, The expression in the square root is the harmonic function H appearing in the two-centre supergravity solution, where the instanton moduli χ i are identified with the transverse coordinates y i (up to a dimensional scale). The large N limit of the function I N is thus identical, up to a numerical factor, to the classical supergravity volume element √ det g = √ H. The above analysis straightforwardly generalises to a situation where the vacuum expectation values are degenerate at several centres.
Finally, we consider the behaviour of I N far away from the expectation values, r ≡ |χ| ≫ ϕ u . Writing 17) we have ε → 0 in that region. From (B.6) with d = −1 we obtain
.
(B.18)
The denominator can also be expressed in terms of Schur polynomials [26] , In order to compare with the supergravity calculation it turns out to be more useful to rewrite this expansion [26] in terms of power sums, p k = p k (ε) = 
